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ABSTRACT 

Functional analysis is considered as very important aspects in mathematics, applied 

sciences and also is very powerful way of examining the behaviour of various 

mathematical models and it clarifies, regresses and unifies  the underlying concepts in 

mathematics, engineering, economics other applied fields. 

Hilbert space is a Banach space because Hilbert space is complete with respect to the 

norm associated with its inner product where a norm and an inner product are said to be 

associate if ‖ ‖  〈   〉 for all    Moreover the converse is not always true, not every 

Banach space is a Hilbert space. A necessary and sufficient condition for a Banach space 

  to be associated to an inner product (which will then necessarily make   into a Hilbert 

space) is the parallelogram Identity. This implies that Hilbert space is inner product 

spaces, Banach space are normed spaces and complete metric spaces are metric space. 

The Brouwer’s fixed point theorem is one of the most well-known and useful theorem in 

topology. Since the theorem and its many extensions are powerful tools in showing the 

existence of solutions of many problems in pure and applied mathematics, many scholars 

have been studying its further extensions and applications.  

Brouwer’s fixed point theorem has always been a major theoretical tool which can be 

applied in differential equations, topology, economics, games theory, dynamics and 

functional analysis. Moreover, more or recently, the usefulness of the concept for the 

applications increased enormously by the development of accurate and efficient 

techniques for computing fixed points. 
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CHAPTER ONE 

 

PRELIMINARIES 

1.1 Introduction  

Functional analysis is an abstract branch of mathematics that originated from classical 

analysis. Its development started about eighty years ago and nowadays functional analysis 

methods and results are important in various fields of mathematics and its applications. 

The impetus came from linear algebra, linear ordinary and partial differential equations, 

calculus of variations, approximation theory and in particular, linear integral equations, 

whose theory had the greatest effect on the development and promotion of the modern 

ideas. 

In the abstract approach, one usually starts from a set of elements satisfying certain 

axioms; which means that in this axiomatic fashion one obtains a mathematical structure 

whose theory is developed in an abstract way. Those general theorems can then, later be 

applied to various special sets satisfying those axioms.  

In functional analysis we use it in connection with abstract spaces, these are of basic 

importance, and we shall consider some spaces, Banach spaces as well as Hilbert spaces 

in detail. 

The study of functional analysis is considered fascinating and highly useful because of its 

increasing role in mathematics and applied sciences. It has been increasingly realized that 

this branch of mathematics in a convenient and very powerful way of examining the 

behavior of various mathematics model and it clarifies, regresses and unifies the 

underlying concepts in mathematics, engineering theoretical physics applied mathematics, 

economics and other applied fields. 

In this chapter we will consider the metric spaces, convergence sequence, Cauchy 

sequence, completion of metric space, normed space, Hilbert space, Banach space, fixed 

points property, Banach Contraction Principle as well as fixed point theorem. 
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A long the way, we review a number of definitions, theorems and results from analysis. 

1.2 Metric space 

A metric space is a set of points with a suitable notion of the distance between points. 

Also, a metric or distance function can be used in defining the fundamental concept of 

analysis.  In this section we are going to consider continuous function, convergence 

sequence, Cauchy sequence, completion of metric space and compactness. 

Definition 1.1Let   be an arbitrary non empty set. A metric space is a pair       where   

is a metric on  (or distance function on    that is a function            such that 

for all            with the following properties: 

 M                is real – valued, finite and non-negative; 

(M2)      )       ; 

(M3)               ;        (Symmetric property) 

(M4)                            (Triangle inequality) 

These conditions express intuitive notions about the concept of distance. For example, the 

distance between two distinct points is positive and the distance from        is same as 

the distance from  to  . 

For the points in the Euclidean plane, the triangle inequality states that the length of one 

side is less than or equal to the sum of the other two sides. 

1.2.1 Equivalent of metrics 

In the metric spaces and in mathematics, there are various notions of two metrics on the 

same underlying space, these space are said to be “same”, or equivalent. For given metrics 

       and       we can denote  as non-empty set and   and    denote two metrics 

on   . Now we can define the following: 

Definition 1.2 For a given set    two metrics    and   are called topologically equivalent 

(uniformly equivalent) if the identity mapping I such that I:               is a 

homeomorphism or uniformly isomorphism. 
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Definition1.3A pseudo metric on    is a function         which satisfies the 

axioms (of Definition 1.1)such that for all       . 

(M1)           

(M2)                

(M3)                       

Note that for the pseudo metric, we may have          even if   . 

Definition1.4 A quasi metric is defined as a function that satisfies all axioms for a 

metricexcept the condition (M3), thatis 

(M1)         ; 

(M2)             if and only if     

(M4)                     . 

Example 1.1The set of real numbers                        ction         |   | is a 

metric space. The set of complex numbers (   with the distance function given as: 

                     =|   |is also a metric space. 

Example 1.2Let   be an arbitrary non- empty set and   is defined by 

        {
        

             
 

Then, X is a metric space. The metric   is calleddiscrete metric and the space is called 

discrete metric space. 

1.2.2 Continuous functions 

A number of characterisations of continuous functions are given in terms of open set and 

close set. In this section we are going to discuss definitions and characterisations of 

continuous function.  

Definition 1.5 Let      and      be two metric spaces. A function       is said to 

be continuous at a point       if for each       there existsa       such that 

                              (1.1) 
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that is 

              (     )      (1.2) 

which means 

                             (1.3) 

The function   is said to be continuous on   or simply continuous if it is continuous at 

each point of  . 

One may note that condition (1.1) generalizes the elementary definitions of continuous 

function of the real line and that (1.2) and (1.3) translate (1.1) into definition of open 

spheres. 

1.2.3 Convergence sequence 

One of the main aims of introducing metric spaces is to study convergence sequences in a 

context more general than that of classical analysis. We are going to discuss definitions 

and theorem. 

Definition1.6Let       be a metric space. A sequence{  }in   is said to be convergent to 

if there is a point     such that for each       there exists a positive integer   such 

that           for all     implies that      or            

Theorem 1.1Convergent sequence is a bounded sequence in which the set{      }is 

bounded. 

Proof: Suppose a sequence {  } converges to  . Then for      there exists N such that 

|    |    for     this implies |  |  | |    for all      

If we let      {|  | |  |    |    |} then |  |      | | for all   Hence {  } 

is bounded sequence. 

Definition 1.7 (Convergence in a normed space) Let   ‖ ‖ be a normed linear space. 

Then a sequence {  } in   is said to converge to an element       if given    , there 
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exists a positive integer    such that     ⟹‖     ‖     If    converges to     we 

write             or        as       

Then it follows that       if and only if ‖     ‖      

Definition1.8A Cauchy sequence is sequence whose elements become arbitrarily close to 

each other as the sequence progresses, more precisely, given any small positive distance, 

all but a finite number of elements of the sequence are less than that of given distance 

from each other. 

A sequence                of real numbers is called Cauchy, if for positive real 

number    there is positive  integer N such that for all natural numbers         

|     |     

To define Cauchy sequence in any metric space   , the absolute value |     |  is 

replaced by the distance           i.e. for a given metric space       , a sequence 

        is Cauchy: if for every positive real number      there is a positive integer   

such that for all natural numbers         the distance            .                                                                   

In a normed space, a sequence {  }in Nis called Cauchy sequence if given      there 

exists a positive integer    such that         , thus ‖     ‖     

Theorem 1.2 In a normed linear space every convergent sequence is a Cauchy sequence. 

Proof: Suppose that a sequence {  } in a normed linear space converges to a point    

 . To show that it’s a Cauchy sequence, let     be given since the sequence converges 

to     there exist a positive integer    such that 

    ⟹ ‖     ‖   
 ⁄        (1.4) 

Therefore for given        we have  

‖     ‖  ‖           ‖ 

 ‖     ‖  ‖     ‖ 

    ⁄   
 ⁄  
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‖     ‖   . 

Which follows that convergent sequence {  }is a Cauchy sequence. 

1.2.4 Completion of metric space 

Jain and Khalil [9] explained that the set of rationals  with the usual metric is not a 

complete metric space but can be enlarge to the set of all real which is complete. 

Moreover, the completion   of   is such that   is dense in  . We discuss definitions and 

theorem. 

Definition1.9 A metric space       is said to be complete if every Cauchy sequence in X 

is convergent. In other words,       is a complete metric space if whenever the sequence 

{  }  in   is such that            as         then there exists,       with 

          as      

Definition1.10 Let       and        be two metric spaces. 

(a)  A mapping T of   into    is said to be an isometric if for all        

                     

where     and      are the images of   and   respectively, such an isometric is said to 

imbed       in          

(b) The space Xis said to be isometric if there exists bijective isometric of   to   . For a 

given metric space          is just a set (with no metric defined previously) and 

       be a bijection.We can then define a metric    on    by the formula 

                            =       . 

Then the metric    on    is said to have been transported from   to   by  . 

Definition 1.11A completion of a metric space   is any complete metric space    which 

contains a dense subset to which   is isometric. 
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Theorem 1.3 All completions of a metric space are isometric. 

Proof: Let         and           be two completions of metric space     in particular, 

we may assume that    and     both contain   as a dense subset and are complete. We 

will now define an isometric   between    and     for each        since   is dense in 

 ,   a sequence {  } of points of  X converging to   . But we may also consider {  } as a 

Cauchy sequence in     and, since     is complete it must converge to some point 

         

Define         by this construction is independent of the particular sequence {  } 

converging to    and gives a one to one mapping of    onto      Clearly,             

Now if      in    and        in    , while       in    and        in    , then 

                        and                              

Therefore we have(           )                 . 

Hence   is an isometric. 

1.2.5 Compactness 

The concept of compactness in metric space is an abstraction of an important property 

possessed by certain subsets of real numbers such as closed bounded set in  . In this 

section we are going to discuss lemma and definition. 

Definition 1.12 A metric space   is said to be compact if every sequences in   has a 

convergent subsequence. A subset   of   is said to be compact, if M is compact 

considered as subspace of  , that is if every sequence in   has a convergent subsequence 

whose limit is an element of    

Lemma 1.1 A compact subset   of metric space is closed and bounded. 

Proof: For every    ̅ there is a sequence 〈  〉 in   such that     . 

Since   is compact      hence   is closed because     was arbitrary, we will prove 

that   is bounded. If   were unbounded it should contain unbounded sequence {  }  such 

that            where b is fixed element. This sequence could not have a convergent 
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subsequence since a convergent subsequence must be bounded, hence   is closed and 

bounded. 

1.3 Banach space 

Many linear equations may be formulated in terms of suitable linear operators acting on a 

Banach space. In this section we discuss onBanach space and linear operators acting on 

Banach spaces. We give the definitions of Banach space and illustrate with example. We 

show that a linear operator is continuous if and only if it is bounded and define the norm 

of bounded linear operator.  

Definition 1.13Banach space is a complete normed vector space. Moreover, a Banach 

space is a vector space which is equipped with a norm space which is complete with 

respect to that norm. 

Also a normed space   is said to be Banach space if for every Cauchy sequence 

{  }   
      there exist an element     such that             

Two types of Banach spaces are real Banach space and complex Banach space. These are 

the Banach spaces whose underlying vectors space are defined over the field of real 

numbers and complex numbers respectively. 

Many of the infinite-dimensional function spaces studied in analysis are Banach space, 

including space of continuous functions, space of Lebesgueintegrable functions known as 

   spaces, and spaces of holomorphic functions. They are the most commonly used 

topological vector spaces and they come from a norm. 

Definition 1.14(Spaces of bounded continuous functions)  Spaces of all continuous 

functions   [   ]    defined on a closed interval [   ] are the  spaces which  becomes 

a Banach space if an appropriate norm‖ ‖ is defined in it. Such a norm may be defines as 

‖ ‖     {|    |   [   ]}   known as the supremum norm. This is indeed a well-

defined norm, since continuous function defined on a closed interval is bounded.  

Example 1.3 For a given       we define the  -norm on    (or   ) by 



 

9 
 

‖             ‖   |  |
  |  |

      |  |
  

 
 ⁄ . 

For       we define the   or maximum norm by 

‖              ‖   max{|  | | |      |  |}  

Then    equipped with the  -norm is a finite-dimensional Banach space for  ≤      

Definition1.15 Let   and    be two normed spaces. We denote both   and   by‖ ‖. 

A linear map       is bounded if there is a constant     such that‖  ‖   ‖ ‖for 

all      if no such constants exist, then we say that T is unbounded. 

If       is a bounded linear map, then we define the operator norm or uniform ‖ ‖  of 

T by ‖ ‖   inf{ ‖  ‖⁄   ‖ ‖             }. 

1.3.1 Convergence of bounded operators 

A given uniform limit of operators with finite rank, having finite-dimensional range is 

compact. The converse is also true for compact operators on many Banach spaces, 

including all Hilbert spaces, although there existsseparable Banach spaces on which some 

compact operators cannot be approximated by finite-rank operators and then we can 

define: 

Definition 1.16The set        of bounded linear maps from a normed linear space X to a 

normed linear space Y is linear space with respect to the natural pointwise definitions of 

vectors addition and scalar multiplication                                                                                        

(i)        =       

(ii)       =        

Its operator norm is given as: 

‖ ‖     
   

‖  ‖

‖ ‖
 

defines a norm on       is a normed linear space.  

Theorem 1.4If   is a normed linear space and   is a Banach space then        is a 

Banach space with respect to the operator norm. 
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Proof: We have to prove that        is complete. 

Let      be a Cauchy sequence in        for each    , we have 

    ‖       ‖ ≤‖     ‖‖ ‖   

Which shows that       is a Cauchy sequence in  . Since   is complete, there exists  

  such that       this implies that      defines a linear map        we show that 

T is bounded. For any      let    be such that  

‖     ‖   
 ⁄           

Also for a given      there is an          such that 

‖           ‖   
 ⁄  If‖ ‖    we have  

‖   ‖≤‖          ‖  ‖         ‖            (1.5) 

It follows that if       then  

‖  ‖≤‖   ‖  ‖      ‖  ‖  ‖   . 

Forall   with‖ ‖     so T is bounded. 

Finally from (1.5) above it follows that       ‖    ‖    hence,      is the 

Uniform norm. 

1.4 Hilbert space 

Hilbert space is an abstract vector space possessing the structure of an inner product that 

allows length and angle to be measured. Also Hilbert space must be complete, a property 

that stipulates the existence of enough limit in the space to allow the technique of calculus 

to be used. 

Definition1.17Let      be the linear space where   is either field of real numbers or the 

field of complex numbers, an inner product on   is a mapping from     into   which 

assigns to each ordered pair of vectors          as scalar     in  , in such way that: 

(i) 〈   ̅̅ ̅̅̅〉 = 〈   〉       (complex conjugate) 

(ii) 〈       〉=  〈   〉   〈   〉    (linearity property) 

(iii)〈   〉         (non-negativity) 
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(iv) 〈   〉=      . 

Definition 1.18Let   be a complex Banach space. Then   is called Hilbert space if a 

complex number 〈   〉called the inner product of   and   is associated to each of the 

vectors   and    in such a way that: 

 i  〈  ̅  〉=〈   〉 

 ii  〈       〉=  〈   〉   〈   〉 

 iii  〈   〉=‖ ‖  

          Hand      . 

Theorem 1.5Consider the Banach space   
  of all  -tuple of complex numbers with the 

norm of a vector   =                           : 

‖ ‖  (∑|  |
 

 

   

)

 
 ⁄

  

We shall show that if the inner product of two vectors   =                and 

               is defined by〈   〉  ∑      
 
   , then   

  is a Hilbert space. 

Proof:Let    =                and                 be any arbitrary vectors 

and     be any arbitrary scalars. Then 

(i) 〈   〉  ∑   
 
      

 =〈    ̅̅ ̅      ̅̅ ̅             ̅̅ ̅〉 

=〈    ̅̅ ̅〉         〈    ̅̅ ̅〉 

=〈  ̅̅̅  〉        〈  ̅̅ ̅  〉 

 =  ̅̅̅          ̅̅ ̅   

 =   ̅̅ ̅̅            ̅̅ ̅   

=
 

1

, .
n

i i

i

y xx y


   

(ii)         〈               〉   〈               〉 

=〈       〉           〈       〉 
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〈          〉 =           ̅  〈       〉  ̅̅ ̅ 

 = 〈      ̅        ̅           ̅̅̅̅ 〉          ̅        ̅          ̅̅ ̅  

 = 〈   〉   〈   〉 

  (iii)       ∑     
 
     ̅  ∑ |    |

  
    

    ‖ ‖   

Hence   
 is a Hilbert space. 

Example 1.4 The real linear space     and the complex linear space   areBanach spaces 

under the norm‖ ‖  | |       or  . 

Solution: Axioms (N1) and (N2) are shown as: 

‖ ‖  | |      

and 

‖ ‖        

| |        . 

(N3)‖  ‖  |  |  | |‖ ‖ 

‖  ‖ =| |‖ ‖  

 N4  Let         and ̅ and   ̅̅ ̅denote their complex conjugate.Then 

|   | =       ̅   ̅  

=   ̅    ̅    ̅     ̅ 

=| |    | || |  | |   

|   |    | |    | |     

‖   ‖  ‖ ‖  ‖ ‖  Then    and   are both normed linear spaces, 

alsothese spaces are complete, hence they are Banach spaces. 

Theorem 1.6If  and   are two vectors in a Hilbert space, then 

(i) ‖   ‖   ‖   ‖  =  ‖ ‖    ‖ ‖  (parallelogram law) 

 ii   〈   〉= ‖   ‖   ‖    ‖   ‖    ‖ (polarization identity) 

Proof: We show that by using the axioms of Hilbert space for a given       such that: 
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‖   ‖    〈       〉  

=〈     〉  〈     〉 

=〈     ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ 〉  〈     ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ 〉 

=〈   ̅̅ ̅̅̅〉  〈   ̅̅ ̅̅̅〉  〈   ̅̅ ̅̅̅〉  〈   ̅̅ ̅̅ ̅〉 

        ‖ ‖  〈   〉  〈   〉  ‖ ‖       (1.6) 

Now, 

‖   ‖  =〈       〉 

 =〈     〉  〈     〉 

=〈     ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ 〉  〈     ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ 〉 

=〈   ̅̅ ̅̅̅〉  〈   ̅̅ ̅̅̅〉  〈   ̅̅ ̅̅̅〉  〈   ̅̅ ̅̅ ̅〉 

‖   ‖ = ‖ ‖  〈   〉  〈   〉  ‖ ‖        (1.7) 

Adding (1.6) and (1.7) we get ‖   ‖  ‖   ‖   ‖ ‖   ‖ ‖  

 

                                   ⃗   ⃗  

          ⃗   ⃗ 

 

(ii)Subtracting (1.7) from equation (1.6) we have 

‖   ‖  ‖   ‖   〈   〉   〈   〉     (1.8)             

Replacing   by    in      we get 

‖    ‖  ‖    ‖ =  〈    〉   〈    〉 

                                      =   〈̅   〉    〈   〉 

          〈   〉    〈   〉        (1.9) 

Multiplying both side by   we get 

 ‖    ‖   ‖    ‖   〈   〉   〈   〉     (1.10)                        

Adding (1.8) and (1.10) we get 

‖   ‖  ‖   ‖   ‖    ‖   ‖    ‖ =  〈   〉  
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Theorem 1.7 (Pythagoras Theorem)If   and   are any two orthogonal in a Hilbert space 

H, then we have, 

‖   ‖  ‖   ‖ =‖ ‖  ‖ ‖ . 

Proof:  f        then〈   〉    similarly   

If       then       this implies that: 

‖   ‖ =〈       〉  〈     〉  〈     〉 

 =〈   〉  〈   〉  〈   〉  〈   〉 

  ‖ ‖      ‖ ‖        (1.11) 

‖   ‖ =〈       〉 

   〈     〉  〈     〉 

  =〈   〉  〈   〉  〈   〉  〈   〉 

      ‖ ‖      ‖ ‖               

Equating (1.11) and (1.12) we have 

‖   ‖  =‖   ‖  ‖ ‖  ‖ ‖   

1.4.1 Relationship to Hilbert space 

As shown above every Hilbert space is a Banach space because Hilbert space is complete 

with respect to the norm associated with its inner product where a norm and an inner 

product are said to be associate if ‖ ‖  〈   〉 for all    Moreover the converse is not 

always true, not every Banach space is a Hilbert space. A necessary and sufficient 

condition for a Banach space   to be associated to an inner product (which will then 

necessarily make   into a Hilbert space) is the parallelogram Identity as shown above. 

Definition 1.19A complete inner product space is a Hilbert space 

Hilbert space                    Banach space               complete metric space 

 Inner product space           normed space                     metric space 

This implies that Hilbert spaces are inner product spaces, Banach spaces are normed 

spaces and complete metric spaces are metric spaces. 
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1.5 Fixed point property 

Many problems in pure and applied mathematics have their solutions to the fixed point of 

some mapping   and so a number of the procedures in numerical analysis and 

approximation theory which can be used to obtain successive approximation to the fixed 

point of an appropriate mapping. Because of their importance we will prove several fixed 

point theorem for mapping of a complete metric space into itself. We start with some 

notations and terminologies. 

Let   be a nonempty, convex, closed and bounded subset of a Banach space   ‖ ‖ . 

Definition 1.20 A mapping       is said to be non-expansive mapping if‖   

  ‖  ‖   ‖        We say that K has the fixed point property for non-expansive 

mapping if every  non-expansive mapping       has a fixed point, that is a point 

    such that       

We say that a Banach space   ‖ ‖  and bounded subset K of    ‖ ‖ has the fixed point 

property (FPP) for non-expansive mappings if every nonempty, convex, closed and 

bounded subset   of    ‖ ‖  has the fixed point property. 

Example 1.5 The closed interval [   ] has the fixed point property. 

Solution: Let   [   ]  [   ] be a continuous mapping. If        or         then 

mapping has a fixed point at 0 or 1 if not then        and           Thus the 

function             is a continuous real valued function which is positive at     

and negative at      By the intermediate value theorem, there is some point 

  with             which to say that              this implies that        

     hence so    is a fixed point. 

Note: The open interval does not have the fixed point property. The mapping         

has no fixed point on the interval      . 
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The closed disc   

The closed interval is a special case of the closed disc, which in any finite dimension has 

the fixed-point property by the Brouwer fixed-point theorem. 

Definition 1.21Let (  ,  ) be a metric space, a mapping       is said to be 

Lipschitzian if there is a constant      such that for all        

                              (1.13)                          

The smallest number   for which equation (1.13) holds is called the Lipschitz constant 

of  . 

Definition1.22A Lipschitzian mapping       with Lipschitz constant     is said to 

be a contraction mapping.   

Theorem 1.8 (Banach’s contraction mapping) Let     be a complete metric space, 

and let       be a contraction mapping. Then T has a unique fixed point     and for 

each                   ,moreover             
  

   
        ). 

Proof:Suppose   has Lipschitz constant          Then for each      

                           

Adding           to both sides of the above given equation 

                                              

this can be written as  

                                               

Thus, in turn, is equivalent to                  [                       ] 

Now define the function        by setting                        for      

Thus                 (    )      

Therefore if     and       with       

                 ∑                
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                        . 

In particular, by taking     and letting     we conclude that  

∑                

 

   

              

This implies that {     } is a Cauchy sequence. Since M is complete there exist      

such that                and since T is continuous  

      
   

         
   

              

Thus    is fixed point of   . In order to complete the proof of the existence part of the 

theorem we need to show that    is the only fixed point. Indeed, let   be a fixed point of   

then from the previous result.                   Returning to the inequality we 

have 

 (             )   (     )   (       )   

byletting     we seethat 

             (     )          (             )  

Since                         
  

   
 (      )we obtain  

            
  

   
 (      )  

Definition 1.23 (Contraction) Let         be a metric space. A mapping         

is called a contraction on    if there is a positive real number     such that for all 

       

                   (1.14) 

Theorem 1.9 (Banach Fixed Point Theorem) A metric space           where     

suppose that   is complete and       be a contraction on  . Then   has precisely one 

fixed point. 
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Proof: We construct a sequence      and show that it is Cauchy, so that it converges in 

the complete space   , and then we prove that its limit   is a fixed point of   and   has no 

further fixed points. We choose any      and define the “iterative sequence”     by  

                                            (1.15) 

Clearly, this is the sequence of the images of    under respected application of   . We 

show that {  } is Cauchy. By using (1.14) and (1.15), 

           =              

                       ≦            

                    =                      (1.16) 

                      ≦                

                         =          . 

Hence by the triangle inequality and the formula for the sum of a geometric progression 

we obtain for     

        ≦                                         

                  ≦                            

               =         

   
          

Since        in the numerator we have           Consequently, 

        ≦
  

   
               (1.17) 

On the right,       and          is fixed, so that we can make the right-hand side as 

small as we please by taking   sufficiently large (and    ). This proves that {  }is 

Cauchy. Since   is complete, {  }converges, say       we show that this limit   is a 

fixed point of the mapping  . From the triangle inequality and (1.14) we have  

           ≦                 

    ≦                    

And we can make the sum in the second line smaller than any preassigned   

 because     .We conclude that          , so that     .  This shows that   is 
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the fixed point of  . Here,  is the only point of T because from      and   ̃   ̃we 

obtain by (1.14)      ̃         ̃ ≦      ̃  

which implies      ̃    since      Hence    ̃   

Theorem 1.10 (Contraction on a ball) Let   be a mapping of a complete metric space 

        into itself. Suppose   is a contraction on a closed ball   { |       ≦  }  

that is,   satisfies (1.14) for all      . Moreover, assume that 

                         (1.18) 

Then the iterative sequence (1.15) converges to an    . This   is a fixed point of  and 

is the only fixed point of  in  . 

Proof: We have to show that all    ’s as well as   lie in  . We put     in (1.17) 

change   to   and use (1.18) to get 

        ≦
 

   
            

Hence all   ’s are in  . Also     since      and   is closed. The assertion of the 

theorem now follows from the proof Banach’s theorem (1.8) above 

From the above, Banach’s contraction Principle, and the Banach fixed point, we can say 

the following: 

The fixed point theorem generally known as the Banach contraction principle appeared in 

explicit form in Banach’s thesis in 1922 where it was used to establish the existence of a 

solution for an Integral equation. Since then, it is a very popular tool in solving existence 

problems in many branches of mathematical analysis.  
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CHAPTER TWO 

 

BROUWER’S FIXED POINT THEOREM 

 

2.1 Introduction 

Brouwer’s theorem asserts that a compact convex set in    has the fixed point property. 

In this chapter we give a brief survey of some of the main result in fixed point theory with 

a particular focus on Brouwer’s fixed point theorem. In the unit-interval example, in the 

proceeding section, the Banach fixed point theorem seems somewhat limited, it seems 

intuitively clear that any continuous mappingon the unit interval into itself will have a 

fixed point but the Banach theorem applies only to functions  that satisfy |     |    for 

some    . Gregor, K. [7] gave an example of the function         which has an 

obvious fixed point at     
 ⁄ , but whose derivative satisfies |     |    everywhere 

therefore    (          )         . So   is a not contraction and Banach fixed point 

theorem doesn’t apply to  . 

The Banach fixed point due to Brouwer covers this case as well as many others that 

Banach theorem fails to cover because the relevant functions are not contractions. 

Before coming to the main result, we are going to discuss the related terminologies and 

theorems. 

Definition 2.1 Khamsi, A. and Kirk, A.[14] defined that, if     is a subset of    and 

if        then   is said to be continuous if for each                    . 

In precise terms, this means the following: For each     and each     there exists a 

number     (depending on both   and  ) such that if     and if         , then 

 (         )     
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Definition 2.2 A set A    is compact if it is bounded and closed relative to   , a set is 

bounded if there is some    , such that ‖ ‖    for all    . Moreover, If   is a 

continuous function, then it maps compact sets to compact sets. 

According to Stuckless [25],Brouwer’s fixed point theorem is a fixed point theorem in 

topology, named after LutzeBrouwer which states that: “for any continuous function   

with certain properties that there is a point    such that          for continuous 

functions   from a disk D to itself”. A more general form is for continuous functions from 

a convex compact subset   of Euclidean space to itself. Among hundreds of fixed point 

theorems Michael, A. [17] considers that Brouwer’stheorem is particularly well known, 

due to its use across numerous fields of mathematics. In its original form, this result is one 

of the key theorems characterizing the topology of Euclidean space. Moreover the 

theorem is also used for proving deep result about differential equations and is covered in 

most introductory courses on differential geometry. 

Before proving the Brouwer’s fixed point theorem in one dimension we will state the 

Intermediate value theorem. In mathematical analysis the intermediate value theorem state 

that “For each value between the least upper bound and greatest lower bound of the image 

of a continuous function there is at least one point in its domain that function maps to that 

value”. 

2.2 Brouwer’s Fixed Point Theorem 

Brouwer fixed point theorem is a surprising result which was first proved by L. Brouwer 

in the early 1900’s. The theorem is stated below: 

Theorem 2.1 Let    be closedball in     Then any continuous mapping of       has 

at least one fixed point.  

Regarding proof of Brouwer’s theorem, Khamsi, A.and Kirk, A. [  ] argued that 

difficulties arise even in the case    , we would to show that if Bis a closed ball in    

for example, the unit ball 
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   {             
    

   }  

then any continuous mapping         has a fixed point. The trick in the case     

was the application of the Intermediate value Theorem. 

Proposition 2.1 Let                    be a partition of the interval [   ] 

with each of the point           labeled either   or . Then the cardinality of the set 

   {  {      }                                   }is an odd integer. 

Proof: Khamsi, A. and Kirk, A. [14]They proved the proposition by an induction method, 

however, a counting argument is perhaps more illuminating for what will follow, 

Beginning by labeling                and label points          arbitrarily with the 

values            . 

Now counting the number of end points of subintervals defined by the partition which are 

labeled   and doing this in two different ways: First if an end point labeled   is in       

then it must be counted twice since it is an end point of two different subintervals of the 

partition. By adding    to this total we see that there are an odd number of such end points 

say , now dividing the subintervals of the partition into two different subclasses: 

(i) Those which have only   as end points. 

(ii) Those which have  and   as end points. If there are   intervals in class     then these 

  intervals contribute    end points to the total  . 

If there are   intervals in class (ii) then since each such interval contributes only one 

endpoint to the total, we conclude that      .  

This proves that   is the cardinality of  , then hence the result. 

Proposition 2.2 Let    and    be two closed set in    with      and      and 

suppose that [   ]        then        . 

Proof: For each      let   is a partition of [   ] into subintervals of equal length. 
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Assigning the label 0 to    and 1 to    for   {        }, assigning   to    otherwise 

assigning the label 1 to   since [   ]       , these results in a labeling of    as in 

proposition 2.1. Consequently, for each   there exist intervals of length  ⁄  whose end 

points {     } are labeled differently, say    is labeled   and   is labeled 1. Thus for 

each         and        It is possible to choose convergent subsequences{   
} and 

{   
}  with say          

   and          
   since                  |   

    
|  

      
 

  
⁄        and since both     and     are closed therefore  points lie in 

       . 

The two propositions above provide the basic ideas for the general proof of Brower’s 

theorem. Proposition 2.1 is a special case of celebrated results known as Sperner’s lemma 

whereas proposition 2.2 is a special case of a result due to Knaster,Kuratowski and 

Mazurkiewiczknown as KKM theorem. 

Definition 2.3 In one dimension, Sperner’s lemma can be regarded as a discrete version 

of the Intermediate value Theorem. In this case it is essentially to say that if a discrete 

function takes only the values  and  , begins at the value   and ends at the value  , then it 

must switch values to an odd numbers as proved in proposition 2.1. 

Note: A Sperner’s labeling of a triangle’s triangulation is a labeling that satisfies the 

following conditions. 

(i) The vertices of the original triangle are labeled with different letters A, B and C. 

(ii) Vertices of the triangulation that lies on the side AB are labeled either A or B, a similar 

condition holds for the vertices on sides BC and AC. 

(iii) There is no restriction on labeling of the vertices of the triangulation inside of the original 

triangle. 
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2.3 Sperner’s lemma 

Sperner’s lemma is a combinatorial analogue of the Brouwer fixed pointtheorem which 

follows from it. Sperner’s lemma states that “Every Spernercoloring of a triangulation of 

an  -dimensional simplex contains a cell colored with a complete set of colors”. The 

initial result of this kind was proved by Emmanuel Sperner, in relation with proof of 

invariance of domain. Sperner coloring have been used for effective computation of fixed 

points, in root-finding algorithms and are applied in fair division (cake cutting) 

algorithms. 

Lemma 2.1 Every Sperner’s labeling contains at least one complete triangle. 

Proof:In his work, John, F. [12] showed that the number of complete triangles was 

odd.Consider the side AB of the original triangle. Let us call a segment complete if its 

ends are labeled differently, i.e. A and B. Let b stand for the number of complete segment 

on the side AB of the original triangle. Let usdenote the segment AA by number aand c 

denote the number of internal (to the side AB) A vertices. Thus for example the total 

number of A vertices on the side AB original triangle is     Since each AA segment 

contains two A vertices while each AB contains only one, and every internal A 

subdivision, then we have             therefore b is odd. 

Now we shall see how the above results lead another proof of Brouwer’s Theorem at 

    of the fact that any continuous function   [   ]  [   ] has a fixed point. Note that 

  [   ] can be written in the form: 

                  

where                by simply taking          and            set  

   {  [   ]   (    )       } 

   {  [   ]               }  

Thus, 

   {  [   ]       } 
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   {  [   ]       } 

also 

              . 

The assumption         for some   [   ]  implies both        and         

which absurd, so it must be the case that[   ]        now using Proposition 1.2, 

conclude that         . But if       , then it clearly implies that: 

        This proves the theorem. 

As well we give a proof of Brouwer’s Theorem in the case   , here we can use the idea 

of a Sperner’s lemma in   , let   be a closed triangle in   , with vertices          and 

  has the vertices          for   . 

The side     
̅̅ ̅̅ ̅̅      

̅̅ ̅̅ ̅̅      
̅̅ ̅̅ ̅̅ for     

We define the base of a point   in   to be the side of   of smallest dimension which 

contains . An integer            is said to a Sperner label for   if    belongs to the base 

of   in . The points          are labeled       respectively. Any other point on the side 

    
̅̅ ̅̅ ̅̅  may be labeled either 0 or 1, regardless of how any other such points are labeled. 

The same hold for the remaining sides. Any points strictly inside   may be labeled 0, 1, 

and 2. We can now prove the KKM Theorem for the case    as shown in the Lemma 

2.2 below. 

Note that here we use   to denote inclusively the vertices of the triangle along with its 

sides and interior. The only idea to enter at this point is that of the triangulation of a given 

triangle. 

Lemma 2.2 Suppose   is a triangle in    with vertices         and suppose          

are closed subsets of     which satisfy: 

(i)                 

(ii)     ̅̅ ̅̅̅                     . 

(iii)           . 
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Then             

Proof: For          considering a sequence of triangulations    of   where the 

diameter of the largest triangle in    is    with      as       Assigning a Sperner 

labeling to each triangulation with the added provision that each vertex   is assigned a 

label   consistent with     . This is possible by (ii) and (iii). Then by Lemma 2.2 each 

triangulation    contains a Sperner simplex with vertices {  
   

   
   

   
   

}  where   
   

 

          . Now choose respective convergent subsequence { 
 

(  )}                

with  

       
 

(  )             ) 

Since the diameters of the sub triangles tend to zero as     it must be the case that: 

             Since each of the sets    is closed hence  

       For         

We are now in the position to prove Brouwer’stheorem for the case    , as given in 

Khamsi, A. and Kirk, A.[  ]State and prove the theorem as follows: 

Theorem 2.2 Suppose   is a triangle in   with vertices         and suppose if     

  continuous function isthen   hasfixed point. 

Proof: Every   in   can be written in the form                          

where                    and                      

Set    {      (    )       }          since   is continuous function each of 

the sets    is closed. Also          for each          for          If           

      for each         then it would follow that   (    )    (    )  

           since this contradicts       it must be the case that for each     

there exist   {     }  for which               that            and (iii) of 

Lemma      holds. Finally if        then          however this fact along the 

assumption         leads to the contradiction. 
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  (    )    (    )    (    )                 

  (    )    (    )    (    )               . 

  (    )    (    )    (    )               . 

Thus conclude that also (ii) of Lemma   2 holds, then by applying Lemma     we 

conclude that there exist              this implies   (    )          

       which in turn implies   ∑   
 
   (    )  ∑   

 
          

Therefore   (    )                , and thus         the result completes. 

Now we are going to consider the Brouwer fixed point theorem proof for  -dimensions, 

we start with the following definitions: 

Definition 2.4 An  -simplex is an  -dimensional generalization of a triangle. So a  -

simplexis a point, a  -simplex is a line segment, a  -simplex is a triangle, a  -simplex a 

tetrahedron, a  -simplex is a pentahedron. 

Note:Every  -simplex   is uniquely determined by its     vertices. 

The purpose of this part is to continue discussion on the proof of Brouwer’s fixed point 

theorem for      . Let   be a closed triangle in    , with vertices             . 

Definition 2.5 The  -dimensional sides of M are given as: 

The vertices             for      

The sides     
̅̅ ̅̅ ̅̅      

̅̅ ̅̅ ̅̅      
̅̅ ̅̅ ̅̅         

̅̅ ̅̅ ̅̅ ̅for      

The sides       
̅̅ ̅̅ ̅̅ ̅̅ ̅        ̅̅ ̅̅ ̅̅ ̅̅ ̅       

̅̅ ̅̅ ̅̅ ̅̅ ̅          

Where          and    are labeled         respectively. 

The point on the side       
̅̅ ̅̅ ̅̅ ̅̅ ̅ may be labeled             of how any other such points are 

labeled. The same axiom holds for the remaining sides. Points inside M may be 

labeled           .So as to prove Brouwer’s fixed point theorem for    , we can prove 

first the lemma below: 
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Lemma    Suppose M is a triangle in    with the vertices             and suppose 

                are closed of    which satisfy: 

(i)                 

(ii)       ̅̅ ̅̅ ̅̅ ̅                            

(iii)                 

Then                

Proof: For a given          considering a sequence of a triangulations    of M, 

where the diameter of the largest triangle in    is    with     as     . Now 

assigning a Sperner labeling to each triangulation with the added provision that each 

vertex   is assigned a label   consistent with       

This is possible by considering the above (ii) and (iii). Then by Lemma 3.1 each 

triangulation    contains a sperner simplex with the vertices a {  
   

   
   

   
   

   
   

}  

where 

  
   

                

Now by choosing a respective convergent subsequence we have 

{ 
 

  }                with  

   
   

 
 

(  )                 

Since the diameters of the sub triangles tend to zero as     it must be the case  

   
   

 
 

                 

                And since each of the sets    is close     , for            

Now we can prove Brouwer’s theorem for    . 

Theorem 2.3 Suppose   is a triangle in    with vertices             and suppose 

      is continuous. Then   has a fixed point. 

Proof: Every point   in   can be written in the form 
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Where 

                      

and 

                           

Now setting    {      (    )         }              ince   is continuous each 

of the sets    is closed. Also, since          for each  ,       for each             

then it follows that   (    )    (    )    (    )    (    )     

Since this contradicts       it must be the case that for each      there exist 

  {       }  for which   (    )         that is               and (iii) of 

Lemma 2.3 holds.  

Finally if, 

        
̅̅ ̅̅ ̅̅ ̅̅ ̅    

then 

       . 

However, this fact along with the assumption that 

           

leads to the contradiction. 

  (    )    (    )    (    )    (    )

                     

  (    )    (    )    (    )    (    )

                     

  (    )    (    )    (    )    (    )

                      

So we can conclude that condition (ii) of Lemma 2.3 also holds.  

Therefore by applying Lemma 2.3 and we conclude that there exist 
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              . 

This implies that  

  (    )                   

  (    )        

  (    )        

  (    )        

  (    )         

This in turn, implies 

  ∑   
 
   (    )  ∑       

     . 

Therefore, 

  (    )                   

(      )         

  (    )        

  (    )        

  (    )         

 

Thus 

            . 

2.4 Kakutani’s Fixed Point Theorem 

Kakutani’s Fixed Point Theorem appeared in 1941. This theorem has many applications 

in economics and game theory. One of its most well-known applications is in John Nash’s 

paper [12], where the theorem is used to prove the existence of an equilibrium strategy in 

 -person game. Sperner’s lemma, on the other hand, is a combinatorial result concerning 

the labeling of the vertices of simplexes and their triangulations. It is known that 

Sperner’s lemma is equivalent to a result called Brouwer’s fixed point theorem of which 

Kakutani’s theorem is a generalization. 
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Kakutani’s Fixed Point Theorem is stated as follows: 

Theorem 2.4Let S be a  -dimensional closed simplex and let   be an upper 

semicontinuous point-to-set mapping from   to nonempty, convex and compact subsets 

of   . Then, there exist point     such that         

Proof:The Kakutani Theorem was given by ShizuoKakutani[21] uses Brouwer’s fixed 

point theorem. He supposed that   is a d-dimensional simplex in    and        is a 

convex and compact valued point-to-set mapping. Letting    be the  -th barycentric 

triangulation of   which defines a function (mapping a point)        as follows:First, 

define   on each vertex   of the triangulation  , by letting         for an arbitrary 

point   in      . Then, the mapping    defined on all vertices of    can be extended 

linearly to a continuous function    from   to itself. That is if   is not a vertex of    then  

  is in some  -simplex of the triangulation (either interior or boundary), whole vertices 

we denote         . So,   is a convex combination of the    . In other words there 

exist nonnegative numbers    such that ∑      
    and 

  ∑    

 

   

  

Hence we define       as: 

      ∑        

 

   

  

By Brouwer’s fixed point theorem,    has a fixed point. That is, there exist a 

sequence     such that         . Hence, we obtain a sequence of fixed points of the 

linear extensions. By compactness of   , there exist a subsequence of {  }  which 

converges to     . We claim that this is the fixed point of  . 

To show this, let    be a  -dimensional simplexes of    which contain    . 

Note that if     lies in a lower-dimensional simplex of     then   is not unique. In this 

case, we can arbitrarily choose one of them. Let   
    

       
  be the vertices of    . 
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Then there exists a subsequence of {  
 
}  that converges to    for 

each    {           } . So, without loss of generality we can assume that {  
 
} 

converges to    . Thus we have 

   ∑  
 

 

   

  
  

For suitable   
      {          }   {        }  with  

  
    

and 

∑  
 

 

   

    

Let   
  be shorthand for     

  . Then, 

  
   (  

 ), and          ∑   
  (  

 )  ∑   
   

  
   

 
     

For each  again, we use compactness to find a convergent subsequence. In this case, we 

take a subsequence of the  ’ssuch that both {  
 } and {  

 } converge to some   
  and    

 , 

respectively. Then, we have 

    
    

∑  
 

 

   

   

and 

   ∑  
   

  

 

   

 

Since   
          

   (  
 )and   

    
  for each   {        }  

then by upper semicontinuity of  ,   
         for each  . By the convexity of       we 

have    

∑  
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But   ∑   
  

     
  is just    itself so           

2.5 Schauder’s Theorem 

We have seen in the beginning that Brouwer’s theorem cannot be extended to any Banach 

spaces.This implies that Brouwer’s theorem fails in some infinite-dimensional spaces and, 

in fact, the classical result of A.Dugundji [1] assures that Brouwer’s theorem fails in any 

infinite-dimensional space. To show that we are going to prove the following theorem: 

Theorem 2.5 Let   be a nonempty compact convex subset of a Banach space  , and 

suppose       is continuous. Then   has at least one fixed point.   

Proof: Let       is pre compact, hence totally bounded. Therefore, for each      there 

exists {                 } such that for any     

     
        

‖       ‖  
 

 
  

For each such   define 

          {
 

 
 ‖       ‖  }. 

Thus for each      there must exist at least one   {          } for which       

   Now define the so-called Schauder operator         as follows: 

      
∑      

  
     

∑      
  

   

  

Note that         because       is a convex combination of the 

elements{             }. Also since   is continuous, each of the function    is as well.  

Now let        {           } . Then    is a bounded closed convex subset of the 

finite-dimensional Banach space which is spanned by the vectors{             }, and 

moreover        . Brouwer’s Theorem implies that each of the mappings    has a 

fixed point        . SinceK is compact subsequence {   
}of {  }which converges, 

say          
      

Now observe that for any   , 
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‖          ‖  ‖(∑     (       )

  

   

∑     

  

   

⁄ )‖ 

           *
 

 
∑     

  

   

+ ∑      
 

 

  

   

⁄   

It follows that   is a fixed point of   since 

‖   
     ‖  ‖   

(   
)   (   

)‖  ‖ (   
)      ‖  

And the right-hand side tends to 0 as     while the left-hand side tends to 

‖      ‖. 

In 2009 Gödel’s [6] published a paper titled Brouwer’s Fixed Point theorem is unstable; 

he argued that Brouwer created the mathematical philosophy of intuitionism. This 

philosophy insists on a very constructive approach to mathematics, which is interesting 

since his proof of his famous theorem is non-constructive. Therefore he showed the result 

in terms of the following theorem: 

Theorem 2.6 Let           is a continuous map so that for some prime  , and for 

all            . Then   has a fixed point. 

Note                and                 . 

Gödel’s explain this idea using the stability issue. He point out an issue regarding proofs 

based on Brouwer’s fixed point and related theorems. In general, the fixed points of a map 

are not stable under perturbations of the map itself. This is a problem that seems too often 

be missed. He once looked through an entire monograph on fixed points theorems of all 

kinds and could find no discussion on the inherent instability of Brouwer’s fixed point. 
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Figure 2.1 

This already happens in one dimension. An example from the above sketch (Fig. 2.1) 

showed a continuous function   from [   ] to itself and have circled its two fixed points. 

On the right we have drawn a map    which is a slight perturbation of  . Observing that 

one fixed point of   has disappeared in   . This is because that fixed point of   was at a 

point where        and     just touched each other but did not cross. 
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CHAPTER THREE 

BROUWER’S TYPE FIXED POINT THEOREMS AND ITS APPLICATIONS 

 

3.1 Introduction 

The Brouwer’s fixed point theorem is one of the most well-known and useful theorem in 

topology. Since the theorem and its many extensions are powerful tools in showing the 

existence of solutions of many problems in pure and applied mathematics, many scholars 

have been studying its further extensions and applications. The purpose of this chapter is 

to survey the different applications of the theorem with its related fields in mathematics. 

Generalizations of the Brouwer’s theorem have appeared with related to theory of 

topological vector space in mathematical analysis. The compactness, convexity, single-

valuedness, continuity, self-mapness and finite dimensionalityrelated to the Brouwer’s 

theorem are all extended and moreover, for the case of infinite-dimension also the domain 

and range of the map may have different topologies. 

Other application ofBrouwer’s theorem in topology is studiesof space having the fixed 

point propertyof various degrees or index theories. 

Brouwer’s fixed point theorem has always been a major theoretical tool which can be 

applied in differential equations, topology, economics, game theory, dynamics and 

functional analysis.  

Moreover, more or recently, the usefulness of the concept for the applications increased 

enormously by the development of accurate and efficient techniques for computing fixed 

points. 

Brouwer’s fixed point theorem assures that any continuous transformation on the closed 

ball in Euclidean space has a fixed point. This idea is surveyed first by Poincare in 1887 

and by P. Bohl in 1904[19] in the context of differential equations, then Vasco, Arno 

P.and Stphane [27] explained the proof of Brouwer’s done by Hadamard[27]in 1910 and 



 

37 
 

Brouwer in 1912 [23]. It is now a basic application in algebraic topology. It has its usefor 

example in game theory which is given by the Kakutani’s generalization [10] and has 

been used to prove Nash equilibrium [12]. 

It is also useful for the theorem of PerronFrobenius in linear algebra [26] which is one of 

the mathematical foundations for the page rank used to measure the relevance of nodes in 

network. 

In this chapter, we review some definitions, theorems, corollary, lemma as well as 

propositionsand results from the analysis of different scholars on the applications of 

Brouwer’s fixed point theorem. 

The most interesting applications of fixed point theorem arise in connection with function 

spaces. Before considering application of Brouwer fixed point theorem, we recall 

application of fixed point that yields existence and uniqueness theorems for differential 

and integral equations. To show this let us consider an explicit ordinary differential 

equation of the first order 

      
  

  
                  

An initial value problem for an equation consists of the equation and an initial condition   

                 (3.2) 

where  and    are given real numbers. We shall use Banach’s theorem to state only 

Picard’s theorem without its proof which plays a vital role in the theory of ordinary 

differential equations.  Theorem is given below: 
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Theorem 3.1Picard’s Existence and Uniqueness Theorem (Ordinary differential 

equation) 

                                       

                                

                                      

 

 

                               

                                                                                   

   Fig.    

Let   be continuous on a rectangle, such that    {     |    | ≦   |    | ≦  }and 

thus function  is boundedon  , for all         we have: 

    |      | ≦            (3.3) 

Suppose that   satisfies a lipschitz condition on   with respect to its second argument, 

that is, there is a constant   such that for             , we obtain 

   |             | ≦  |   |      (3.4) 

Then the initial value problem (3.2) has a unique solution. This solution exists on an 

interval    [         ]where 

        {    ⁄  
 

 
}       (3.5) 

3.2 Fixed point for Nonlinear PDE 

The goal in this section is to introduce some basic methods to establish existence of 

solutions to nonlinear equations in infinite-dimensional space, such as nonlinear partial 

differential equations. In the first part we introduce the major fixed point theorems by 

Picard, apply to nonlinear ordinary, partial differential equations in Banach’s fixed point 

[15]. In the second section we use the fixed point theorems to consider an abstract result 

on the existence of solutions to non-variation inequality. This result applies for example to 
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equation given by monotone operators, which often appear in connection with Euler-

Lagrange equations of convex functional, also   we can apply Brouwer’s fixed point 

theorem and Schauder fixed point theorem, to elliptic partial differential equation some of 

Parabolic partial differential equations. This is given by Yves, C. [29]. 

3.2.1 Brouwer’s Fixed Point Theorem for Nonlinear PDE 

Here, we are considering the theorems and lemma for Brouwer’s fixed point theorem.We 

only need continuity of a function   but strong conditions on space  . We will also loose 

uniqueness of fixed point theorem and    , defined by         does not necessarily 

converge. 

Before proof of the theorem let us consider the following remark: 

Remark 3.1 

The proof is very simple for      considering a continuous function   [   ]  [   ] 

then   has a fixed point   ̅ 

Proof: Define               Then        and        . Since   is continuous 

there exist azero  ̅ of   in [   ]. 

Brouwer’s Fixed Point Theorem is false in infinite-dimensional space. The reason behind 

this is that a closed ball is not compact. Theorem due to Kakutani [21]shows that counter-

examples exist in any infinite-dimensional separable Hilbert space. 

Note also that in an infinite-dimensional space, a continuous function may well be 

unbounded on closed and bounded sets (and this fact makes the study of nonlinear 

equations much more difficult) this is proved by Yves, C. [29]. 

The proof of Brouwer’s fixed point theorem in dimensions larger than 1 is not simple, 

there are many different ways of proving it.Now let us choose a relatively simple analytic 

proof which connects to elements from the calculus of variations. 

We consider so-called energy functional of the form       
 
                  

where, 
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    is a smooth domain 

          

             isa smooth and we use the notation that  

            (                               ) 

where   (   )                and       . Symbol    is a Lagrangian. 

Definition 3.1  iscalled Null-Lagrangian if the corresponding Euler-Lagrange equations 

are satisfied by all smooth functions (i.e., all    functions). 

Example 3.1Suppose        . The Lagrangian                is a Null-

Lagrangian since  

 ∑  (              )                            

 

   

 

Proposition 3.1 Let    be a Null-Lagrangian, and let      ̅     be two smooth 

functions with     on   . Then            that is for a Null-Lagrangian   depends only 

on the boundary values. 

Proof:Let   [   ]  [ ]                          

Then, 

       
 
∑ ∑     

                              
   

 
    

(         )    
 
∑    

(               )  
                         

 ∑ 
 
, ∑      

                              

 

   

 

   

    
                             -            

Since       on  . As           is smooth and hence a solution to Euler-

Lagrange equation, we find that         and consequently    constant on [0, 1], hence 

          and thus            
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Yves,C. [29] without loss of generality, used the following lemma to finish the proof of 

Brouwer’s Fixed Point Theorem. 

Lemma 3.1 There is no continuous map (a so-called retraction)        such that 

       for all     . 

 

                                  

                              

                                          

                                                  Fig. 3.2 

Proof: Assume that for all    ,     , we may therefore, for a given   define line 

ending passing through    and   that 

                    

This line cuts    in two points, given by the two solutions of the second order equation 

in  . 

    ‖    ‖              ‖  ‖     . 

Closing for example the positive root, and introducing          ‖    ‖ ⁄  we 

define  

          (√           ‖  ‖         )  

The map      is continuous and contradicts Lemma 3.3. 

Corollary 3.1 Let      be homeomorphic to      ̅̅ ̅̅ ̅̅ ̅  and       be continuous. 

Then   has a fixed point. 

Proof:Let        ̅̅ ̅̅ ̅̅ ̅    be a homeomorphism (that is,   is bijective and both   and     

are continuous). Define              . Then A is continuous and Brouwer’s fixed 

point theorem implies that there exists  ̃    such that    ̅   ̅. 

Then  (   ̅ )     ̅  that is,    ̅  is a fixed point of   . 
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An application: Let         be a continuous mapping such that          for all 

  with| |   . Then there exists       with |  |    and        . 

Proof: Assume that there exists no such   . Then we can define 

       
    

|    |
 

 is continuous and        ̅̅ ̅̅ ̅̅ ̅̅       ̅̅ ̅̅ ̅̅ ̅̅   Brouwer’s Fixed Point Theorem implies that there 

exists          such that         . 

Then we can say |  |  |     |    such that the assumption on             . On 

the other hand,                   
|     |

 
  

 |  |
 |     |

 
    that is contradiction. 

This application is in fact equivalent to the contraction principle, and therefore is also 

equivalent to Brouwer’s fixed point theorem. Indeed, given   of a continuous retraction on 

the closed ball      ̅̅ ̅̅ ̅̅ ̅̅ , define   by     on      ̅̅ ̅̅ ̅̅ ̅̅  and        elsewhere. It is 

continuous, and when | |   , we have             . But   never cancels 

since| |   , which is a contradiction. 

3.3 Schauder’s Fixed Point Theorem for Non PDE 

Schauder’s fixed point theorem applies to topological vector spaces, it asserts that if   is a 

convex subset of a topological vector space   and   is a continuous mapping of   into 

itself so that      is contained in a compact subset of  , then   has fixed point. 

We will discuss ordinary differential equation, having the following initial value 

problems: 

  [         ]            (      )           

We assume now that   [         ]        is a continuous but not necessarily 

Lipschitz-continuous with respect to  . Under this condition solutions are in general not 

unique. 

The following theorem, however, shows that solution always exists. 
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Theorem 3.2 Let                       and 

    {      |    ||    |    |    |   } . 

Let       be continuousand let       |      | then there exists a continuous 

solution:  

    [         ]      With 

       (    ⁄ )of the integral equation  

            (      )  
 

  
. 

Proof:We define the map   as 

  (  )         (      )  
 

  
and  [         ] 

  {          ‖ ‖     
   

|    | ‖    ‖   }  

Then   is a non-empty, convex, closed (and bounded) set, we have 

‖     ‖     
   

|∫ | (       )|  
 

  

|        

Therefore,      . We show that T is continuous. Now let      in M. Then 

   
   

|                |  ∫ | (       )   (      )|   
    

    

 

as      since   is continuous.We show that      is pre-compact, using the 

assumptions we find: 

   
   

|       |  |  |     

and 

   
   

|                 |   |     |    

as|     |   . 

Hence Schauder’sfixed point theorem implies that T has a fixed point. 
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3.4 Application of Brouwer’s fixed point in Nash equilibrium 

In the game theory, the Nash equilibrium is a concept for the solution of a game involving 

two or more players in which each player is assumed to know the equilibrium strategies of 

the other players, and no player has anything to gain by changing only his own strategy 

unilaterally. If each player has chosen a strategy and no player can benefit by changing his 

or her strategy while the other players keep their strategies unchanged, their current set of 

strategy choices and the corresponding payoff constituteNash equilibrium. 

Game theorists use the Nash equilibrium concept to analyze the outcomesof the strategic 

interaction of several decision makers. Nash equilibrium has been used to analyze hostile 

situations like war and arms races, and also how conflict may be mitigated by repeated 

interaction.It has also been used to study to what extent people with differences can 

cooperate and whether they will take risks to archive a co-operative outcome and study 

the adoption of technical standards and also the occurrence of bank runs and currency 

crisis. Below we are to discuss the Nash equilibrium. 

Before proving that Nash equilibria in mixed strategies exist, we need first a theorem that 

a fundamental component for many equilibrium existence proofs. 

3.4.1 Existence of Nash Equilibrium 

Consider a two-person finite game in strategic form. Labeling the strategies of player 1 by 

           and labelplayer two’s strategies by            Define the  -simplex by    

 {    
    ∑   

   
      }  We canregard any mixed strategy of player one as a 

point      and any mixed strategy of player two as a pointing     . The payoff functions 

are defined on                 , which is the product of the strategy sets. 

Given strategies        and        , the expected payoff are 

         ∑∑    
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We define matrices A and B by            and             . The expected payoffs can 

then be written                                  where p and q are regarded as 

column vectors and the prime denotestranspose. 

We will denote the     column of A by    and the    row of B by    . Thus     gives the 

expected payoffto player one when playing the pure strategy i against player two’s mixed 

strategy q. Similarly,      givesthe expected payoff to player two when playing the pure 

strategy j against player one’s mixed strategy p. 

Theorem 3.3 Every two-person finite game has Nash equilibrium in mixed strategies. 

Proof: Define             {          }                 

         {           }                  

Thus    and    represent the gain (if any) from switching to the pure strategy      from 

themixed strategy      . 

Now define functions 

        
          

  ∑   
 
        

 

        
          

  ∑        
 
   

  

Since          and           are linear functions, they are continuous. Moreover, 

the maximum of twocontinuous functions is continuous, which implies both    and    are 

continuous. Finally, both numeratorand denominator of    and    are continuous and the 

denominator is strictly positive. It follows that both  and   are continuous. 

Furthermore, 

∑       

 

   

 
∑   

 
    ∑        

 
   

  ∑        
 
   

 
  ∑        

 
   

  ∑        
 
   

   

which means        Similarly, ∑        
 
      and so        . Define the 

function                       by 
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           (             ).  

Note that T is continuous. 

Moreover,             is compact and convex. The Brouwer Fixed Point Theorem 

yields                   such that                 . Let   
         be player 

one’s expected utility at       . 

 Claim 3.1     
     

          Suppose the claim is false.  

Then  

   ∑     
        

   . 

Because          is a fixed point, 

  
  

  
      

     

  ∑           
   

 

forevery i,clearing the fraction and cancelling  
 yields 

     
 [∑     

      ]      
     .  

Thus  

  
    for all     

       . 

Let I ={    
   }. Note that     because∑   

 
     

     {      
       }. 

 Finally, the definition of Iimplies 

∑   
  

    ∑   
 

      . 

For         
        which means that     

    
  Multiplying by   

    this 

yield   
    

    
   

 .Summingover     yields 

  
  ∑   

    
 

 

   
   

    
  (∑  

 

   

)  
    

   

But this is a contradiction, which means our supposition that∑     
      

      must be 

false. This establishes our claim above. 

Since ∑     
      

          
        for every              Expanding    

yields   
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Let        .Then       ∑      
 

   ∑       
 =   

   In other words,     is a best 

response to   . Asimilar argument from above shows that    is a best response since  and 

  are mutual best responses, and thenwe have Nash equilibrium. 

3.5 The game of Hex and Brouwer’s fixed point theorem 

Hex is a strategy board game played on a hexagonal grid, theoretically of any size and 

several possible shapes, but traditionally as an 11x11 rhombus. Hex is a connection game 

and can be classified as a maker-breaker game, a particular type of positional game. 

John,N. [12] prove in 1952 that a game of Hex cannot end in tie, and that for a symmetric 

board there exists a winning strategy board for the player who makes the first move. 

However, the argument is non-constructive. It only shows the existence of a winning 

strategy, without describing it explicitly. Finding an explicit strategy has been the main 

subject of research since then. The application of mathematics to game of strategy is now 

represented by voluminous literature. Recently there has also been some work which goes 

in the other direction, using known facts about game to obtain mathematical result in other 

areas. 

In this section, our purpose is to show that a classical result of topology is the celebrated 

Brouwer fixed point theorem is a consequence of the fact that Hex, is a game which is 

probably familiar to many mathematicians, cannot end in a draw. This fact is of some 

practical as well as theoretical interest, for it turns out that the two-player, two-

dimensional game of Hex has a natural generalization to a game of  -players and  -

dimensions  and the proof that this game must always have a winner leads to a simple 

algorithms for finding approximate fixed points for continuous mappings. This is one of 

the considerable current interests, especially in the area of mathematical economics. Now 

let us consider the relation between Hex and Brouwer’s fixed pointtheorem. 
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3.5.1 Equivalence of the Hex and Brouwer theorem 

David, G. [3] proves Brouwers theorem for analytic purposes which is convenient to use a 

different but equivalent model for the Hex board. Actually, when John Nash rediscovered 

the game in 1948, he thought it as being played on a checkerboard where two squares 

were considered to be adjacent if they were next to each other horizontally, vertically, or 

along a positively sloping diagonal. It is clear that this is combinatorialequivalent to the 

more aesthetic hexagon arrangement. This representation is easily arithmetized in a way 

which will generalize to n dimensions. 

Notations used in this part are: 

  denotes the lattice points of   . 

For     ,| |         .  

For       ,               for all i. 

The points x and y are called comparable if             .  

Definition 3.2The (two-dimensional)Hex board    of size k is a graph whose vertices 

consist of all   in    with (1, 1)         and also two vertices   and    are  

adjacent (span an edge) in    if 

    |    |          (3.6) 

           are comparable.     (3.7) 

Figure 3.3 gives the graphical representation of a Hex board of size 5. The boundary 

edges are labeled by the points of the compass N, S, E, W and consist of the vertices 

            of   with                    , respectively.David, G. [3] thinks 

of the horizontal (vertical) player as trying to make a path connecting E and W (Nand S) 

and he restatedthe following theorem: 

Theorem 3.4 (HEX THEOREM) Let   be covered by two sets  and   . Then either   

contains a connected set meeting   and   or   contains a connected set meeting   and  . 
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W 

A purely combinatorial proof of this theorem generalized to    dimensions is given in 

[16]. 

Theorem 3.5 (BROUWER FIXED-POINT THEOREM) Let   be a continuous 

mapping from the unit square   into itself. Then there exists      such that        . 

We first show that "Hex" implies "Brouwer". Let         be given by      

 (           ) from compactness of    it suffices to show that for any      there 

exists      such that 

N 

 

 

 Fig.       S 

|      |   . By uniform continuity of f we have that, given    , there is a   

  such that     and if|    |    then if|           |   . 

Now consider the Hex board    where        . We will define four subsets 

           of   , follows: 

   {  |     ⁄      ⁄   } 

   {  |    ⁄       ⁄    } 

   {  |     ⁄      ⁄   } 

   {  |              ⁄ }  

     

     

     

     

     

E 
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Intuitively, a vertex   belongs to             according as      is moved by f at least   

units to the right, left, up, or down, respectively. 

The theorem will be proved if we can show that these four sets do not cover    for, if 

vertex   lies in none of them, then |          |   . The key observation is that the 

(disjoint) sets    and      and  ) are not contiguous (a pair of subsets A and B of a 

graph are called contiguous if there exists     and     where a andb are adjacent). 

That is, if     and      , then 

               

and 

  
        

       

Adding gives  

              
       

              (3.8) 

But   
             by the choice of   and k, so  

  
      

              (3.9)  

Adding (3.8) and (3.9) gives  

               
          (3.10) 

which shows that   and    are not adjacent for if they have|          |         , 

which would contradict the choice of  . 

Similarly    and    are not contiguous. Now let                 and 

suppose Q is a connected set lying on H. Then Q must lie entirely in   or  . But note 

that    does not meet E since f maps into  , and hence no point on the right boundary can 

be mapped to the right. Similarly,   does not meet W, so Q cannot meet both E and W. 

Similarly, V contains no connected set meeting both N and S. By the Hex Theorem, 

therefore, the sets H and V do not cover   , completing the proof. 

The proof that "Brouwer" implies "Hex," based on a suggestion of John Stallings[24] 

modified by Michael H. [17 ], makes use of the fact that the Hex board    gives a 
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triangulation of the     squares   
 in   .Toprove this geometrically, using the   fact that 

each point of    is uniquely expressible as a convex combination of some set of (at most 

three) vertices, all of which are (pairwise) adjacent. These sets of vertices are the edges 

and triangles of Figure 3.3. 

This can be done also by looking how it goes by working out  an algorithm which for each 

point           in   
  picks out the set of mutually adjacent vertices in whose convex 

hull x lies. 

We will make use of the fact that any mapping from    into    extends to a continuous 

simplicial (or piecewise linear) map  ̂on  
 ,namely, if                 (where 

  is non-negative numbers summing to 1) then by definition 

   ̂                           . 

 Assuming that   is partitioned by two sets   and   , and again define four sets as 

follows:  

Let  ̂  be all vertices connected to Wby an  -path and let   ̂     ̂ . Let  ̂  be all 

vertices connected to S by a  -path and let ̂     ̂. From the definition it is clear that 

 ̂ and  ̂  ̂ and  ̂  are not contiguous. Our proof is by contradiction assuming there areno 

H-path from E to W and no V-path from N to S. Let   and    be the unit vectors of    and 

define the mapping f from    into itselfby: 

                    ̂ 

                 ̂ 

                 ̂ 

                 ̂. 

For each of the four possibilities above one must verify that       is indeed in  
 . For 

example,      is not in    only if    : but by the assumption that there is no H-path 

from W to E, we see that   ̂ does not meet E. It is also true (but for a different reason) that 
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 ̂  does not meet W. The remaining two cases can be obtained by using the same 

procedure. 

We now extend fsimplicially to all   
  and obtain a contradiction by showing thatfhas no 

fixed point. This is a consequence of the following simple algebraic fact: 

Lemma 3.3Let          be vertices of any triangle   in    and let  ̂ be the simplified 

extension of the mapping   defined by  (  )        where          are given 

vectors. Then   has a fixed point if and only if   lies in the convex hull of        . 

Proof:Let                  . Then  ̂                        

          and x is fixed if and only if                 . 

3.6Brouwer fixed point: A Proof for EconomicsProblem 

Fujimoto,    [4] gave a proof of Brouwer fixed point theorem [2] based on the method due 

to Kellog, Li and Yorke [13].His idea consist of a special set for a given map and a special 

boundary point to start with two theorems used in such proof, i.e. the implicit function 

theorem and Sard’s theorem [26]. 

Now we consider the proof of Brouwer fixed point theorem as in [2] as follow: 

Proof: Let      be a map from a compact convex set   into itself. We assume that      

is twice continuously differentiable and that   is a set in the  -dimensional Euclidean 

space         defined by 

     { |    ∑           
   }. 

Then define a direct product set   as: 

                 [    . 
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The symbol       denote the Jacobian matrix of the map       

             

      

 

 

                                                                                

                    

                                        0                                                             

  Fig.3.4 

Fujimoto, T. [4], used hypothesis of mathematical induction to prove the Brouwer’s 

fixed point theorem for the dimension less than  , when     it is easy enough to show 

the existence of at least one fixed point. Let us consider the set: 

     { |                  }. 

(See Fig 3.4 and Fig 3.5)by the implicit function theorem, the determinant 

   |        |    

at apoint     , there exists a unique curve passing through the point in one of its 

neighborhoods. If the origin   is a fixed point, the proof ends, and so, let us suppose not. 

Then, there is a point            in a neighborhood of the origin such that     , 

because of the inductive hypothesis. On the other hand, in the set 

  { |    ∑           
   }   there is either a fixed point or a point in   with 

    Thus, when the Jacobian |     |  has no eigenvalue either in the interval 

[    or     ], we can find out the curve in   which includes a point with     i.e., a 

fixed point. 
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0 

 

 

  

                                                                                             

 

 

          

                        

     

Fig. 3.5 

When there is no fixed point, we can construct a continuously differentiable map      

from   to its boundary    as the point where a line        hits the boundary on the 

side of   . The Jacobian |     |  surely vanishes, and yet its rank is       almost 

everywhere because of Sard’s theorem. (Notethat    ). We suppose without the loss of 

generality that the origin is one of the points where the rank of |     | is indeed      . 

This means that any curve contained in   is locally unique as is shown in Kellogg, Li and 

Yorke [13]. 

So, starting from the initial point    we extend the curve which satisfies          . 

This can be done by considering a solution of differential equation with respect to arc 

length  . 

{

  

  
 (         )

  
   

  

  
      |         |       

(         )  
  

  
               |         |          

 

The above equation can be derived by differentiating  

           

with respect to arc length   along the curve, that is, 
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  . 

If there is no fixed point, this curve remains within a subset of   whose   [   ], where 

   and     , having an infinite length without crossing. (Note that there is a minor 

flaw in the proof of Theorem 2.2 in Kellogg, Li and Yorke[13]). This leads to a 

contradiction because there is at least one accumulation point where the local uniqueness 

mentioned above is lost. Hence there should be a fixed point. 

3.6.1 Economic interpretation 

Fujimoto,    [4]interpret themethod of proof in a simple share game among         

players. He supposed that in economy there exists one unit of a certain commodity which 

every individual player, numbered from   to n, wishes to have. When a point x of   is 

given, it represents the shows   ’s of players:      ∑   
 
    and       for   

       staying at the origin implies the whole commodity belong to player  . A given 

map      stands for a rule of changes in players shares. For a point   to be in  , it is 

required that after changes in shares by     , the ratios of shares among the player from   

to   should remain the same as before, while the share of player   may increase or 

decrease.  

We know that in a neighborhood of the origin there is a point in  , provided that the 

origin is not a fixed point. Starting from this point, we grope for successive neighboring 

point in  . As we continue the search, we reach a fixed point, a special point where no 

changes are made after the transformation by     . This is because, we would get into a 

path of an infinite length with no crossing point within compact set, which yields a 

contradiction to the local uniqueness, guaranteed by use of Sard’s theorem. 

3.7Brouwer fixed point theorem for graph Endomorphism 

Brouwer’s fixed point theorem has been approached graph theoretically with hexagonal 

lattices [3] or using result on graph colorings like the Sperner lemma [22], it is natural to 
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inquire for a direct combination analogue on graphs without relating to any Euclidean 

structure. But already the most examples like rotation on a triangle show that an 

automophism of a graph does not need to have a fixed vertex, even if the graph is a 

triangularizationof the unit disc. Indeed, many graph endomorphisms in contractible graph 

do not have fixed point. Even the one-dimensional Brouwer fixed point theorem which is 

equivalent to the intermediate value theorem does not hold as a reflection       

     on a two point graph does not have a fixed vertex. 

The reasons for the failure are that searching for fixed vertices is too narrow. We do not 

have to look for fixed points but fixed simplexes’. These fundamental entities are also 

called cliques in graph theorem. 

In mathematics, the Lefschetz fixed point theorem is a formula that counts the fixed points 

of a continuous mapping from a compact topological space   to itself by means of traces 

of the induced mapping homology groups of  . It is named after Lefschetz,  , who first 

stated in 1926. 

Relation of the Lefschetz fixed point theorem and theBrouwer fixed point theorem be that 

the Lefschetz fixed point theorem generalizes the Brouwer fixed point theorem, which 

states that every continuous map from the  -dimensional closed unit disk    to    must 

have at least one fixed point. This can be shown as follows: 

Let    is compact and triangulating all its homology groups except   are  , and every 

continuous map         induces a non-zero homomorphism         
     

    
     for all this together implies that    is non-zero for any continuous 

map        . 

Definition 3.4For a fixed simplex   in the graph   and an endomorphism  , define the 

index 

                      |   

where sign   |   is the signature of the permutation   induces on  . 
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The integer sign     {    }  is the determinant of the corresponding permutation 

matrix. 

Definition 3.5 (Lefschetz formula) For any graph endomorphism   of a simple graph   

with fixed point set     , we can define 

     ∑      

      

  

Definition 3.6A graph          is called star-shaped if all vector spaces       are 

trivial for    . 

Theorem 3.6(Brouwer Fixed Point Theorem)A graph endomorphism    on a connected 

star-shaped graph   has a fixed Clique. 

Proof:We have        because         is nontrivial and    is connected.Now 

applying the Lefschetz fixed point theorem here we can restrict our self to graph 

automorphisms because an endomorphism    restricted to the attractor        
       

of   is an automorphism. Any fixed point of   is obviously in the attractor   so that the 

sum in the Lefschetz formula does not change when looking at   on    instead of   on  . 

Also the Lefschetz number      does not change as any invariant cohomology class an 

eigenvector   of the linear map    on the vector space       must be supported on  . 

The set of   is the union of the set   of simplices which are fixed and the set   of 

simplices which are not fixed by the automorphism  . It is possible that some elements in 

  can be a subsimplex of an element in  . For a cyclic rotation on the triangle    for 

example, the triangle itself is in    but its vertices are in  . 

To see the Lefschetz number more clearly, we extend   to   . Given a  - simplex  , it has 

an orbit                    
     which will eventually circle in a loop since    is a 

map on a finite set. 
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3.7 Game and Economic Theory 

Herbert, E. [8] considered first use of a fixed point theorem in economic theory appeared 

in John Von Neumann’s model of an expanding economy published in 1937. He said 

Although John Von Neumann [9]was not himself a professional economist, his paper was 

extremely influential and by the early 1950’s fixed point theorems were familiar to 

virtually all mathematical economist. His idea provides mathematical techniques which 

became available for the solution of a problem of the greatest economic significance. The 

demonstration of the existence of prices that satisfy the simultaneous equations and 

inequalities of the general equilibrium model of an economy, the general equilibrium 

model is the basic economic paradigm that describes the functioning of purely 

competitive market economy which it has it beginnings in Adam Smith’sanalysis of the 

way in which capitalists respond to profit-making opportunities, and it attains its mature 

form in the general mathematical model presented by Leon in 1974. 

In Walras’s[28] formulation, the agents in the economy is divided two broad classes: 

producers, engaged in the transformation of factors of production into desired 

commodities, whose goal are the consumption of goods and service. 

Classical game theory and economics rely heavily on fixed point theorems to prove the 

existence of various solution concepts. The celebrated result of Nash [6] proving the 

existence of equilibrium strategies in non-zero sum game is a classic example for which 

the only proofs of existence known are via Brouwer’s or Kakutani’s fixed point theorems. 

Most extensions of Nash equilibrium also depend crucially on these theorems. 

To take another example, the existence of the equilibrium price in a market model was 

first proved via fixed points, and only later were proofs via convex programming 

formulations provided in some special cases.  Even the most basic solution concept in 

game theory, the min-max solution of a zero sum game was initially proved to exists by 

Von-Neumann [11] via Kakutani’s fixed point theorem and the connection to linear 

programming (LP) become evident only later. 
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